We introduce new measures of multipartite quantum correlations based on classical correlations in mutually unbiased bases. These classical correlations are measured in terms of the classical mutual information, which has a clear operational meaning. We present sufficient conditions under which these measures are maximized. States that have previously been shown to be particularily important in the context of LOCC transformations fulfill these conditions and therefore maximize the correlation measures. In addition, we show how the new measures can be used to detect highdimensional tripartite entanglement by using only a few local measurements.
I. INTRODUCTION
The fact that quantum systems can exhibit correlations that have no classical analog is at the core of quantum theory. In the last decades it has been realized that these quantum correlations are not only of fundamental interest; they can moreover be manipulated to achieve tasks that are impossible with classical devices. These applications include quantum communication, quantum computation and quantum simulation [1] . Hence, a lot of effort has been devoted to reach a better understanding of quantum correlations and to find new ways to detect, quantify and manipulate them. While the theory of bipartite quantum correlations is well developed, the multipartite case still holds many open problems [2, 3] .
The drastic difference between the bipartite and multipartite case is particularly clear in the case of quantum entanglement, which is fundamental to many applications in quantum information theory. For bipartite quantum systems there exists (up to local unitary operations) one single most entangled state, the maximally entangled state. Its name is justified by the fact that spatially separated parties can deterministically obtain any other bipartite state from the maximally entangled state by manipulating it via local operations assisted by classical communication (LOCC) [4] . The maximally entangled state is hence the optimal bipartite entanglement resource. It maximizes any measure of entanglement and serves as a standard with which the resourcefulness of other entangled bipartite quantum states can be compared. This situation changes drastically if one enters the multipartite realm. Multipartite quantum systems can be entangled in many inequivalent ways [5] and generally there does not exist a unique maximally entangled state that can serve as a standard to assess the resourcefulness of other quantum states [6] . In the last years, several classes of multipartite entangled quantum states with interesting properties have been identified and some of these have motivated novel multipartite applications, such as one-way quantum computing [7] , secret sharing [8] or applications in quantum metrology [9] . But the correlations these states contain are nevertheless often only partially understood. A better understanding of their properties seems however crucial if one wants to find new truly multipartite applications of the quantum correlations they exhibit.
To this end, different approaches are being pursued. One approach is to qualify and quantify quantum correlations in terms of their transformation properties. As entanglement is a resource under LOCC, it is natural to study LOCC transformations of multipartite quantum states [3] . Moreover, more general transformations have been considered, such as separable transformations [2, 10] or ǫ-nonentangling operations [11] , despite the fact that they lack a clear physical meaning. Another approach is to find measures to quantify the quantum correlations contained in multipartite states. These include approaches based on, e.g. quantum entropic quantities, concurrences and polynomial invariants [2, 3] .
In recent work [12, 13] , the concept of complementarity, another distinctive feature of quantum theory, has been used to quantify quantum correlations of bipartite quantum systems. In the present work, we generalize these results to the multipartite setting. Two observables are called complementary if certainty about the measurement outcome of one observable implies complete uncertainty about the outcome of the other observable. For complementary observables the absolute value of the overlap between any eigenstate of the first observable with any eigenstate of the second observable is constant [14] and their eigenbases are called mutually unbiased. Mutually unbiased bases (MUBs) have many applications ranging from quantum state tomography, quantum error correction, and quantum cryptography to the detection of entanglement [14] .
In this work, we use the notion of complementary observables to study quantum correlations. The central idea is that only quantum correlated states can exhibit strong classical correlations in the measurement outcomes of local complementary observables. We use mutually unbiased bases to define a novel set of measures of quantum correlations, {C N }. C N has a clear operational meaning as it measures multipartite quantum correlations in terms of the maximal classical mutual information that a single party can share with the other parties by measuring the state in N mutually unbiased bases. This generalizes the bipartite measure of "complementary correlations" introduced in [12] to the multipartite case. We investigate which states are maximally correlated with respect to C N and present some necessary and some sufficient conditions for this to be the case, thereby providing new physical insight into the quantum correlations they contain. Moreover, we present several other applications of C N for pure and mixed quantum states. One application is entanglement detection. While the effort required to certify entanglement generally increases rapidly with the system size [15] , we show how C N can be used to detect even high-dimensional genuine tripartite entanglement employing only a few local measurement settings. The structure of the remainder of this paper is the following. In Sec. II we introduce our notation and recall important definitions and results on MUBs and entropic uncertainty relations. We moreover review some concepts from entanglement theory that are used in this work. After that we present the following results.
(i) New correlation measures (Sec.
III): We present a set of new correlation measures, {C N }, and discuss its basic properties.
(ii) States maximizing C N (Sec. IV): In Lemma 1 we first present a generalized version of a result from [12] on bipartite states that maximize C N (see also [16] ). In Lemma 3 we present necessary and in Theorem 5 sufficient conditions for a (multipartite) state to yield the maximal quantum correlations as measured by C N .
(iii) Examples of pure states maximizing C N (Sec. V): We use Theorem 5 to show that several previously studied few-body quantum states maximize C N , discuss properties of (n > 3)-partite pure states that maximize C N and present examples thereof. Moreover, we investigate how C N changes under local operations assisted by classical communication (LOCC).
(iv) Detection of mixed state entanglement (Sec. VI): We show how C N can be used to detect genuine tripartite entanglement (Lemma 6 and Lemma 7).
In particular, we demonstrate that even for highdimensional systems and using only two local measurement settings, C N can be employed to detect genuine tripartite entanglement in the vicinity of the generalized GHZ state.
(v) Generalization to mutually unbiased measurements (Sec. VII): We discuss how the definition of C N can be generalized from measurements in MUBs to, e.g., include measurements in mutually unbiased measurements (MUMs) [17] .
II. PRELIMINARIES AND NOTATION
In this subsection we introduce our notation and recall important results on MUBs and entropic uncertainty relations. Moreover, we review concepts from entanglement theory that we use in this work.
A. Mutual information
We denote by D(H) the set of density operators on the Hilbert space H. If a basis B = {|b(i) }
, this yields a specific outcome i ∈ {0, . . . , d − 1}, with probability p(i|B; ρ). The uncertainty with respect to the outcome of the measurement is quantified by the Shannon entropy of this probability distribution, which we denote by H(B|ρ) = − i p(i|B; ρ) log(p(i|B; ρ)). Here and in the following the logarithm is taken to base two. As we are only interested in the entropic properties of measurement outcomes, and not in the corresponding outcomes, we often identify an operator X (no degeneracy) with its eigenbasis B and write e.g. H(X|ρ) ≡ H(B|ρ) and analogously for other quantities. Moreover, for a state ρ of a composite system of n subsystems we measure the mutual dependence of the outcomes of measurements on different sets of subsystems via their mutual information. More specifically, we consider sets of subsystems A, B ⊂ {1, . . . , n} that form a partition of {1, . . . , n}, i.e. A ∩ B = ∅ and A ∪ B = {1, . . . , n}, and measurements in the basis B (l) on subsystem l. The mutual information between the measurement outcomes in A and B is then
Here, we used the conditional entropy of the outcomes obtained at A conditioned on the outcomes of B,
Note here that B (l) and B (l ′ ) are allowed to be different for l = l ′ . If the global system is partitioned into one subsystem, j, and the rest, {1, . . . , n}/{j} ≡j, we often use the notation I(B (j) : B (j) |ρ) for the sake of readability and analogous abbreviations for other quantities. That is, I(B (j) : B (j) |ρ) denotes the mutual information between subsystem j and the rest when the bases {B (l) } l are measured. Let us denote the dimensions of the subsystems A and B with D S = l∈S d l for S ∈ {A, B}. Then the mutual information in Eq. (1) is upper bounded by min A {log(D A ), log(D B )}. The bound is reached iff the outcomes of the measurements by one subset of parties S ∈ {A, B} with D S = min{D A , D B } are completely uncertain, but as soon as the measurement results of the other subsystems are known, one can predict them with certainty.
B. Mutually unbiased bases
Let us now review some definitions and results concerning mutually unbiased bases (see [14] for a recent review). For a d-dimensional system a set of bases {B k } N k=1 , where
From the definition it is clear that any basis in a set of MUBs, {B k } N k=1 , describes a property of the system's state that is complementary to the others. That is, knowing the outcome of a measurement in basis B k that projects the quantum state onto |b k (i) implies that one has no prior knowledge about the outcome of a measurement in a complementary basis, i.e.
and a set of two MUBs always exists [14] . If the maximal number of d + 1 MUBs is reached, the corresponding set is called complete. A complete set of MUBs can be constructed if d is prime or a power of a prime (see e.g. [19, 20] ). For the smallest dimension which is not of this kind, i.e. for d = 6, it is not known whether a complete set of MUBs exists.
In this work we often use that a particular complete set of MUBs is given by the eigenbases of some of the generalized Pauli operators if d is prime. Their definition is as follows.
2 a generalized Pauli operator is defined as
where 
m=0 constitute a complete set of MUBs for d prime [24] . The eigenvectors of
Notice also that the eigenbasis of Z d is the computational basis and the mutually unbiased Fourier basis is the eigenbasis of X d , i.e. i (0,1) = |i and i (1, 0) 
Moreover, the eigenbases of Z d , X d constitute a set of two MUBs for any d [14] .
C. Entropic uncertainty relations
The fact that each basis in a set of MUBs describes a property of the system's state that is complementary to the others is expressed in the well-known Maassen-Uffinkinequality [21] . For two arbitrary bases B
where c = max i,j | b
this yields the entropic uncertainty relation
This relation shows that there is a tradeoff between the prior knowledge one can attain about the outcomes of measurements in basis B k and B k ′ . By simply applying inequality Eq. (4) to always two different MUBs it is trivial to find the uncertainty relation
In [22] this relation was improved to
As mentioned above, a complete set of N = d + 1 MUBs is known to exist if d is a power of two. The lower bound can then be further improved to [23] 
D. Concepts from entanglement theory
Let us now review some concepts from entanglement theory that we use in this work. Two states are called local-unitarily (LU)-equivalent if they can be converted into each other by applying local unitaries. Moreover, we denote the maximally entangled bipartite state by |φ
⊗n . The first concept that we briefly review here are stochastic LOCC (SLOCC) classes. Two states |ψ and |φ are in the same SLOCC class if |ψ can be transformed into |φ and vice versa via LOCC with some finite probability of success. The states are then called SLOCC equivalent. The states that are SLOCC equivalent to |ψ constitute its SLOCC class. It is known that there are only two different SLOCC classes of genuinely tripartite entangled three-qubit states [5] . The first class is represented by the GHZ state, |GHZ 2,3 , and the second class is represented by the W state, |W ∝ |100 + |010 + |001 . There are, however, infinitely many SLOCC classes of genuinely multipartite entangled three-qutrit or four-qubit states [25, 26] .
The second concept that we review here is the one of the maximally entangled set (MES) introduced in [6] . It is the set of all truely multipartite entangled states in a Hilbert space, H, that cannot be obtained from any other LU-inequivalent state via LOCC. That is, the MES is the minimal set from which any other truely multipartite entangled state can be generated deterministically via LOCC. The MES is thus a generalization of the maximally entangled bipartite state to multipartite quantum systems. Note that, while the MES of bipartite systems contains only |φ + , the MES of three-qubits contains already infinitely many states [6, 27, 28] .
Finally, we review the definitions of the source and accessible entanglement, which were introduced in [29] . For a quantum state ρ ∈ D(H) one can define the sets
i.e. the set of states from (to) which ρ can be obtained (transformed) via LOCC, respectively. For any measure µ on the state space one can measure their volumes
for k ∈ {s, a} and define the source and accessible entanglement as
and
respectively. The former quantifies how easy it is to generate ρ from other states via LOCC, while the latter quantifies the potentiality of ρ to be converted to other states via LOCC. Due to their operational character, it is easy to show that they are indeed entanglement measures [29] . The source and accessible entanglement and generalizations thereof have been calculated and used to study and characterize few-body entanglement in [29, 30] . Here, we compare these entanglement measures for some states with the new correlation functions we introduce in the next section.
III. NEW CORRELATION MEASURES
In this subsection we introduce a set of new correlation measures for multipartite quantum systems based on measurements in mutually unbiased bases. We consider a n-partite quantum system with Hilbert space
, exists on each subsystem l ∈ {1, . . . , n}. We then define the function
and we introduce the correlation function
Here we used the notation {B Let us first comment on some general properties of C N . Notice first that C 2 is defined for any multipartite system as there always exist two MUBs on each subsystem. If a set of L > 2 MUBs exists on each subsystem we obtain a whole class of correlation measures, {C N } L N =2 . As the maximal number of MUBs on subsystem l is upper bounded by d l + 1 the number of functions in this class is L ≤ min l d l + 1. In order to make the functions in {C N } comparable to each other they are normalized such that they can reach at most 1/n n i=1 log(d i ), whered i = min{d i , l∈ī d l }, which is independent of N and saturated iff all of the mutual informations in Eq. (11) are maximized. In this work we consider only systems for whichd i = d i for all i ∈ {1, . . . , n} such that the maximal value of the functions
For bipartite systems C 2 coincides up to normalization with the entropic measure of "complementary correlations" introduced in [12] , where it has been shown that only entangled bipartite states can exhibit correlations in mutually unbiased bases that are strong enough to exceed a certain value of C 2 . In Sec. IV we review these results and show how they can be extended to the multipartite case. In the subsequent sections we investigate the set of correlation measures {C N } in detail and use them to study correlations of multipartite pure and mixed states. We identify necessary properties of states to maximize C N and present also conditions that are sufficient for maximization. Moreover, we use {C N } to study the entanglement properties of multipartite quantum states. We show, for example, how it can be used to detect even high-dimensional genuine tripartite entanglement using only few measurement settings.
IV. STATES MAXIMIZING CN
In this section we determine some properties a state ρ ∈ D(
necessarily has to fulfill in order to reach the upper bound C N (ρ) = 1/n n i=1 log(d i ). Moreover, we present conditions that are sufficient to reach this bound. We first consider bipartite states and then proceed with a study of the multipartite case.
A. Bipartite states
In this subsection we extend the result that maximally entangled states are the only states in
maximize C 2 (see [12] ) to a more general situation (see also [16] ). In order to do so, we use Holevo's Theorem [31] , which we review here for the sake of readability.
Let us consider the following bipartite scenario with parties Alice (A) and Bob (B) (see also [1] ). Suppose Alice encodes the random variable X ∈ {1, . . . , m A } using the ensemble {p
of quantum states and Bob performs a measurement corresponding to the positive-operator valued measure (POVM) elements
on this ensemble to obtain the random variable Y ∈ {1, . . . , m B }. Then Holevo's theorem states that for any such measurement Bob may perform,
where S(ρ) ≡ −tr(ρ log(ρ)) is the von Neumann entropy and
Here, we consider the case where Alice and Bob initially share a quantum state
Alice can measure her system in order to create an ensemble on Bob's system, which encodes a random variable as described above. In order to encode the random variable X she performs the measurement corresponding to the POVM elements {P X (j)} and thereby creates the ensemble {p
X (i)} on Bob's system [46] . In order to encode Z she performs {P Z (j ′ )} and thereby prepares {p
Z (i ′ )} on Bob's system. Moreover, Alice prepares the ensembles in such a way that they fulfill the following additional condition. For the measurements {Q YX (i)} and {Q YZ (i ′ )} on Bob's system that allow him to maximize I(X : Y X ) and I(Z : Y Z ), respectively, it holds that
for all i, j, i ′ , j ′ . That is, the measurement that allows Bob to extract maximal information on X (Z), i.e. to maximize I(X : Y X ) (I(Z : Y Z )), cannot be used to extract any information about the other random variable, Z (X), respectively, as then all measurement outcomes are equally likely. However, if Alice informs Bob about which one of the two random variables she has used for the encoding, e.g. by sending one classical bit, Bob can extract the maximal information about the corresponding random variable. Note, however, that
. Using Holevo's Theorem we prove the following lemma (see also [12, 16] ).
, there exist measurements as described before for which I(X :
where {q k } are probabilities, V k are isometries mapping
It is easy to see that the state ρ AB can be reversibly transformed into the maximally entangled state |φ + via local operations of Alice. ρ AB hence contains the same entanglement as |φ + . For the sake of readability, we give here only an outline of the proof, which is presented in Appendix A in full detail. It follows directly from Holevo's Theorem that
and S ρ (B)
where
is completely mixed and Alice can prepare pure states on Bob's system using any one of the measurements. Moreover, using Eq. (14) it is easy to see that the pure state ensembles created on Bob's system have to correspond to MUBs. In Appendix A we show that these conditions can only be fulfilled if ρ AB can be expressed as described in Eq. (15) . It is straightforward to see that the operations needed to transform ρ AB to the maximally entangled state can always be included in the measurements of Alice. Hence, it is enough to show the "if"-part for the state |φ + , which has also been shown in [12, 16] . The maximal correlation is reached if Alice and Bob measure either both in the computational basis, i.e. the eigenbasis of Z d , or the mutually unbiased Fourier basis, i.e. the eigenbasis of X d . A straightforward calculation shows that these measurements and the ensembles that Alice creates indeed fulfill Eq. (14) .
We can now look at the more special situation in which the two measurements by Alice are restricted to MUBs. The measurement setting described before Lemma 1 is then identical to the scenario considered in the definition of C 2 . For d ′ = d it is easy to see that no mixed state of the form given in Eq. (15) exists. Any state that maximizes C 2 thus has to be LU-equivalent to |φ + . We therefore obtain the following corollary of Lemma 1 (see also [12, 16] ).
iff it is LU-equivalent to the maximally entangled state, |φ + .
Since, as mentioned before, any bipartite state that maximizes C N maximizes C 2 as well, we have that any bipartite state maximizing C N for d ′ = d necessarily has to be pure and LU-equivalent to |φ + . However, it is easy to find examples of mixed states of systems with d ′ > d that maximize C 2 using Eq. (15) . In the following section we derive some necessary and some sufficient conditions a multipartite state has to fulfill in order to maximize C N .
B. Multipartite states
Let us first derive some necessary conditions a state ρ ∈ D( n i I C di ) has to fulfill in order to reach the upper bound C N (ρ) = 1/n n i=1 log(d i ). Before that, recall that in order to determine C N all systems are measured in N different MUBs and for each of these measurement settings the mutual information between the measurement results obtained for any single system and the rest are considered (see Eq. (11 -12)). Using Lemma 1 it is easy to show the following lemma.
Lemma 3. A multipartite state maximizes C N only if it admits a decomposition as described in Eq. (15) in the bipartition of any single subsystem and the rest.
Proof. Note that ρ maximizes C N only if it maximizes also C 2 . From the definition of C 2 we have that ρ maximizes this correlation function only if it maximizes the corresponding function C 2 in each bipartite splitting of subsystem l ∈ {1, . . . , n} with the rest. It follows from the definition of C 2 and Lemma 1 that this is possible only if ρ admits a decomposition as described in Eq. (15) in the bipartition of any single subsystem and the rest. This proves the statement.
We have stated in Corollary 2 that for bipartite systems with equal local dimensions, only pure states can maximize C N . In contrast to that, we have the following observation for multipartite systems. An example is the mixed three-qutrit state ρ ABC = tr R (|Ω RABC Ω|), where
is an absolutely maximally entangled state (AMES) presented in [32] . AMES are states of N -subsystems for which any ⌊N/2⌋-subsystem reduced state is completely mixed (see e.g. [32] ), where ⌊·⌋ denotes the floor of a number. One can show that C N (ρ ABC ) = log(3), for N ∈ {2, 3, 4}, which is the maximal value for all N ∈ {2, 3, 4}. These values are achieved if the individual subsystems are all measured in the basis of the same three-qutrit generalized Pauli operators.
The next theorem provides a condition that is sufficient to show that a state maximizes C N . Before we state this theorem, we introduce the following definitions. We denote by GL(I C, d) the set of invertible operators on I C d and define the stabilizer of a pure multipartite state
i.e. as the set of all local symmetries of |ψ . Using this notation, we state the following theorem (recall the definition of S d,k in Eq. (2)).
⊗n be a pure state with the following properties.
• |ψ has completely mixed single-subsystem reduced states, i.e. trl(|ψ ψ|) ∝ 1l, ∀l ∈ {1, . . . , n}, and
2 , |K| = N , is such that the corresponding set of generalized Pauli operators, {S d,k } k∈K , is mutually unbiased.
Then every |φ ≃ LU |ψ maximizes C N .
Proof. It is clear that |φ ≃ LU |ψ maximizes C N iff |ψ does. Hence, in order to proof the theorem it is sufficient to show that it holds for |ψ itself.
We expand |ψ on the first n − 1 subsystems in the eigenbasis of
Here, we used the notation i = (i (1) , . . . , i (n−1) ) and
k is a state of the first n − 1 subsystems. As 
This equation is fulfilled iff
Hence, φ k ( i) is an eigenvector of S d,k with eigenvalue
for some complex number c k ( i). Reinserting Eq. (23) into Eq. (20) we see that
Hence, |ψ is a superposition of tensor products of eigenstates of S d,k with the following property. The state of any n − 1 subsystems determines the state of the remaining subsystem. This implies that the outcomes of measurements of {|i k } on any n−1 subsystems determine the outcome of a measurement performed in the same basis on the last subsystem. At the same time, the outcome of the measurement on one subsystem is completely random if one is unaware of the outcomes of the other measurements, as the single-subsystem reduced states of |ψ are completely mixed. Considering both of these facts, we obtain
for all l ∈ {1, . . . , n}. As this holds for all k ∈ K and the eigenbases of the corresponding N = |K| generalized Pauli operators are mutually unbiased, this shows that
which is the maximal possible value.
Note that it is straightforward to generalize this theorem in such a way that it also includes other local unitary symmetries U = U 1 ⊗ . . . ⊗ U n for which the spectrum of the local unitaries U i is {ω
Recall also that any state that maximizes C N also maximizes C N ′ for N ′ ≤ N . There are many interesting states that meet the prerequisits of Theorem 5, as we show in the next section. In the proof of Theorem 5 it became evident that having a symmetry n l=1 S m k,l d,k ∈ S ψ and having all singlesubsystem reduced states completely mixed implies Eq. (25), i.e. measurements on n − 1 subsystems in the corresponding basis determine the outcome of the last subsystem. It might be tempting to believe that the reverse is true as well for a state |ψ with completely mixed singlesubsystem reduced states. That is, one might think that the existence of such correlations in a basis {|b j }
for some set of integers {m l = 0} ⊂ I N . That this is not the case can be seen by the example of the four-qutrit state |ψ ∝ |0120 + |1201 + |2012 . This state is maximally correlated in the computational basis in the way described above. It is, however, easy to show that it does not have a nontrivial local symmetry U that fulfills Eq. (27) and is diagonal in the computational basis.
In what follows, we use the insights gained in this section to study the correlation properties of some multipartite quantum states via the set of correlation functions {C N } and present applications of these measures.
V. EXAMPLES OF PURE STATES MAXIMIZING CN
In this section we use the theorems and the lemmata proven in the previous section to study the entanglement of multipartite pure states. We provide examples of states that maximze C N and study the set {C N } in the context of LOCC transformations. A state |ψ meeting the prerequisits of Theorem 5 is interesting in terms of state transformations via LOCC as it has nontrivial local unitary symmetries and completely mixed singlesubsystem reduced states. It then follows from the results in [34, 35] that |ψ is convertible, i.e. it can be transformed deterministically via LOCC to some other (non-LU-equivalent) state in its SLOCC class. In the following we study the entanglement of some of these states and related ones and compare it with {C N }.
A. Three-qubit states
The GHZ state, |GHZ 2,3 ∝ |000 + |111 , is (up to LUs) the unique genuinely tripartite entangled pure three-qubit state with completely mixed single-subsystem reduced states.
Hence, it is the only pure state that can potentially maximize C N , according to Lemma 3. Indeed, the maximal value of C 2 (GHZ) = 1 can be reached if either σ x or σ z is measured on each of the subsystems. Note however, that C 3 is not maximized if measurements of σ y are included, i.e. if all Pauli operators are measured. In the following we call the scenario where all Pauli operators are measured the Pauli setting.
As the y-measurement does not give rise to any correlations, we have C 3 (GHZ 2,3 , {σ (l) j } j∈{x,y,z},l∈{1,2,3} ) = 2/3. Numerical calculations suggest that in fact C 3 (GHZ 2,3 ) = 2/3 and that there is, moreover, no three-qubit pure state that exceeds this value. Hence, there appears to be no three-qubit pure state that exhibits correlations in three mutually unbiased bases that are strong enough to yield C 3 > 2/3.
1. States in the maximally entangled set C 2 appears to very well capture the multipartite correlations of states in the GHZ class, while its value for the W state, |W ∝ |100 + |010 + |001 , is comparatively low (C 2 (W ) = 0.685). Due to that reason, we examine states in the intersection of the MES (see Sec. II) with the GHZ class.
Every state in the GHZ class is LU-equivalent to a state of the form [6] 
where g = (x 1 , x 2 , x 3 ) ∈ I R 3 ≥0 , z ∈ I C, |z| ≤ 1. Moreover, g xj are invertible operators such that g † xj g xj = 1/21l + x j σ x , for all j ∈ {1, 2, 3}, and P z = diag(z, 1/z). Note that we choose here g xj = 1/21l + x j σ x . It has been shown in [6] that the set of states in the GHZ class that are also in the MES is given by the set of states with z = 1. The GHZ state obviously corresponds to ψ GHZ ( 0; 1) .
Here, we focus on MES states |ψ GHZ ((x, x, x); 1) that are symmetric under exchange of subsystems. C 2 decreases monotonically with increasing x > 0 as can be seen in Fig. 1 . This shows that the quantum correlations contained in the GHZ state, as measured by C 2 , are particularily strong also in comparison with other states in the MES. Let us stress here again that C N of a generic state does not need to be optimized for a measurement setting for which all parties measure the same bases. However, for |ψ GHZ ((x, x, x); 1) we find numerically that C 2 (x) = 1/2(Q x (x) + Q z (x)) holds, where
i ) are the correlations obtained if σ i is measured on each subsystem, for i ∈ {x, y, z}. The correlations Q x (x) decrease only slowly, while Q z (x) declines more rapidly. This is because the local operators that are applied to the GHZ state in order to obtain |ψ GHZ ((x, x, x); 1) have, in the Pauli basis, only a component along σ x and hence correlations in the x-basis are favoured. Interestingly, the decline of Q x (x), Q z (x) from their maximal value with increasing x > 0 is accompanied by the appearance of correlations in the y-basis; Q y (x) increases from zero to a maximal value at x = 1/4. Clearly all correlations disappear as x approaches the value 1/2 and |ψ GHZ ((x, x, x); 1) approaches a separable state. In Fig. 1 we also compare C 2 with the three-tangle, τ 3 [37] . Both measures decline in a similar manner with increasing x. However, the three-tangle declines more rapidly.
States in the accessible set of the GHZ state
The GHZ state is the three-qubit state which is convertible to the most other states via LOCC. That is, it has the largest accessible entanglement of all three-qubit states [29] . It is interesting to investigate how C 2 changes under LOCC operations. In Fig. 2 we show how these changes compare to the ones of the source and the accessible entanglement (see Sec. II) for a LOCC transformation in which a state with very high C 2 is transformed into other states along a specific path in Hilbert space. The conditions that the states on such a path have to fulfill have been determined in [29, 36] . Note that, in order to be very precise, we do not start at the GHZ state itself, as it has an accessible entanglement which is not directly comparable to the one of other states (see [29] ). We start at the state |ψ GHZ ((x 0 , x 0 , x 0 ); z 0 ) , with x 0 = 0.001 and z 0 = 0.99999 − 0.00099i with a value of C 2 that is very close to 1 (see Fig. 2 ). Then the transformation continues to LOCC-reachable states with larger components x j for j ∈ {1, 2, 3}, of g (see Eq. (28)), which also determine their z-parameter. Interestingly, the z-parameter deviates a lot from |z| = 1 even if g is only changed slightly [47] . As a result, the correlations in the x-and z-basis (the Pauli setting) differ significantly from C 2 in the course of the protocol. However, as the LOCC protocol proceeds, even the optimal setting yields only small correlations. This shows that the quantum correlations measured by C 2 can be used up rapidly in the process of a LOCC transformation, while the source and the accessible entanglement decline much slower. Interestingly, the correlations measured by the three-tangle, τ 3 , and C 2 are almost identical for the states considered in this LOCC transformation.
B. Three-qutrit states
We have seen above that there exists (up to LUs) only one pure three-qubit state, the GHZ state, that can potentially exhibit perfect correlations in MUBs as measured by the functions {C N }. However, we have numerical evidence that even the GHZ state of three qubits can maximize only C 2 , but not C 3 . In contrast to that, we show now that, by increasing the local dimension, one can find infinitely many three-qutrit states that exhibit these perfect correlations in four MUBs. We consider the 
Note that the seed states of generic three-qutrit SLOCC classes correspond to a subset of these states for which {S 3,k } k∈{0,1,2} 2 ≡ S Ψ3,3(a,b,c) [28] . These states are the representatives of the SLOCC classes that are dense in the set of three-qutrit pure states [26] . According to Theorem 5, the fact that |Ψ 3,3 (a, b, c) have completely mixed single-subsystem reduced states and the existence of the local symmetries in Eq. (30) imply that C N (Ψ 3,3 (a, b, c)) = log(3) for N ∈ {2, 3, 4}. In particular, generic three-qutrit seed states maximize all C N . Analogously to the three-qubit case, we can again consider the correlations of states in the intersection of the MES and the SLOCC class represented by |Ψ 3,3 (a, b, c) . In contrast to the three-qubit case, most states in the three-qutrit MES are not convertible via LOCC [28] . The convertible states, however, are the only interesting ones in terms of LOCC transformations. For three qutrits they can be expressed as [28] |ψ( g; k; a, b, c) = g 3 (a, b, c) , (31) where g = (g (1) , g (2) , g (3) ) ∈ I C 3 , k ∈ {0, 1, 2} 2 and 3 (a, b, c) itself. We consider states with g = (x, x, x) ∈ I R 3 + . Recall that |Ψ 3,3 (a, b, c) exhibits, in contrast to the three-qubit GHZ state, the same strong correlations for measurements in all of the generalized Pauli bases. We will therefore not see any qualitative differences in the investigation of C N (ψ( g; k; a, b, c) ) for different values of k and hence choose k = (1, 0) . In order to simplify the comparison with the qubit case, we moreover choose a = 1, b = c = 0 and thereby states in the SLOCC class of the generalized GHZ state, |GHZ 3,3 . In Fig. 3 we see, similar to the three-qubit case, that C 4 (ψ((x, x, x); (1, 0); 1, 0, 0)) decreases with increasing x. We call the bases of S (0,1) , S (1,0) , S (1,1) and S (1,2) the Z-, X-, XZ-and XZZ-basis, respectively, and denote the correlations in the basis W by Q W = 1/3
). The correlation among the measurements in the X-basis remains high even for large values of g, while the correlations in the other mutually unbiased bases decrease faster. In contrast to the three-qubit case, all of these correlation functions are strictly monotonic functions of x. 
C. States of more than three subsystems
There are also genuinely multipartite entangled states |ψ ∈ (I C d ) ⊗n , with n > 3, that reach the maximal value of C N (ψ) = log(d) for some N . Note that, for example, all generic four-qubit seed states have completely mixed single-qubit reduced states and their stabilizer is {σ ⊗4 i } i∈{0,x,y,z} , where σ 0 ≡ 1l (see e.g. [6] ). Therefore, they maximize C 2 and C 3 according to Theorem 5. The same holds for a class of 2 m -qubit states (m ≥ 2) with stabilizer {σ ⊗2 m i } i∈{0,x,y,z} presented in [35] . Note that also many graph states [38] maximize C 3 . For these states one can construct Pauli symmetries from their stabilizer that fulfill the requirements of Theorem 5. An example is the n-qubit GHZ state for n even. Further examples are the states corresponding to the binary tree graphs of eight or of 16 vertices for which all leaf nodes have the same depth. Another example is the four-qutrit AME state in Eq. (18), which maximizes C 2 if the generalized Pauli operators Z 3 and X 3 are measured on each of the subsystems. Going to higher-dimensional systems, it is moreover easy to see that
Using this, and the fact that the generalized Pauli operators form a complete set of MUBs for prime d, it follows from Theorem 5 that |GHZ d,m·d maximizes C N for all N ∈ {2, . . . , d + 1} if d is a prime number. The corresponding measurements are given by the N mutually unbiased generalized Pauli operators. Another interesting state is the Aharanov state (see e.g. [39] ), which is defined as The states mentioned so far are all multipartite entangled. There are, however, biseparable states of more than three subsystems that maximize C N . It is straightforward to see that for a system with Hilbert space H = (I C d ) ⊗n , where n is even, any n/2 pairs of maximally entangled states maximize C 2 . Note, however, that such a biseparable pure state |ψ bisep can be easily distinguished from genuinely multipartite pure states as they obviously fulfill S(ρ A ) = 0 for some genuine subsystem A {1, . . . , n}, where ρ A = tr {1,...,n}\A (|ψ bisep ψ bisep |).
VI. DETECTION OF MIXED STATE ENTANGLEMENT
In this subsection we show how {C N } can be used to detect entanglement of multipartite mixed states of systems with arbitrary dimensions. We focus here on the systems with local dimension d.
However, the results can be easily generalized to systems with different local dimensions. We first show that any state of a n-partite system exceeding a certain value of C N has to be entangled, which generalizes the results on bipartite entanglement detection presented in [12, 13] . For tripartite systems with Hilbert space H = (I C d )
⊗3
we moreover show that this entanglement has to be tripartite in nature if C N of the corresponding state exceeds another (higher) threshold value. Hence, {C N } can be used to detect genuine tripartite entanglement using a number of local measurements in MUBs that scales at most linearly with the local dimension. This is in contrast to the fact that the number of measurements required for entanglement detection generally grows rapidly with the size of the system [15] . In [40, 41] related approaches to the detection of multipartite entanglement via MUBs that are not based on classical information measures were proposed. We compare our results to those and show that, even if only two local measurement settings are used, i.e. if a lower bound on C 2 is measured, our method is comparably useful for detecting also high-dimensional tripartite entanglement. Another advantage of the detection method presented here is that one does not need to know the phase relation between the different measurements (see e.g. [41] ).
A state of a system composed of n different d-level systems is called fully separable if it is expressible as
j is a state of system i, p j ≥ 0 and j p j = 1. It can be easily seen, as we will explain in the following, that
for all parties l ∈ {1, . . . , n}, where f (N, d) is such that the entropic uncertainty relation
holds. Note first that the statement in Eq. (33) has been proven in [12] for separable states of bipartite systems in the special case of N = 2 and f (2, d) = log(d). Note further that any fully separable state is of course separable with respect to any bipartition of the parties. It is then easy to see that the proof in [12] can be generalized to the statement above.
Considering the sum over all parties of Eq. (33), we obtain that all fully separable states cannot exceed a value
. This is equivalent to the following lemma.
is not fully separable, where f (N, d) is such that Eq. (34) holds.
In order for Lemma 6 to yield a strong condition for the presence of entanglement, one should obviously choose f (N, d) as large as possible. We have presented examples of f (N, d) in Eqs. (5 -7). Lemma 6 does not make any statement on the nature of the entanglement contained in a state that exceeds the given threshold, e.g. whether it is bipartite, or genuinely multipartite. For tripartite systems, however, we provide another condition that is sufficient to show that this entanglement is in fact multipartite in nature.
is genuinely tripartite entangled. Here, f (N, d) is again such that Eq. (34) holds.
We provide the proof of Lemma 7 in Appendix B. Using Lemma 6 and Eqs.
contains entanglement, i.e. is not fully separable, and that a state ρ ∈ D((I C d ) ⊗3 ) with
contains tripartite entanglement. The bound in Eq. (37) is in fact tight as it is saturated by the classically correlated state ρ c = 1/d
i=0 |i i| ⊗n . Note that one might be able to improve the detection threshold in Eq. (38) . Using Eqs. (7) we get f (N, d) = −N log N +d−1 dN and subsequently that any state with
is entangled and a tripartite state with
is genuinely tripartite entangled. Using
if d is a power of two and N = d + 1, these thresholds can even be improved if a complete set of MUBs exists for the corresponding system. In Table I we present numerical values of these bounds for three-qubit and three-qutrit
5/6 log(3) C3(ρ bisep ) 7/9 ≈ 0.822 log(3) C4(ρ bisep ) −− ≈ 0.790 log(3) TABLE I: We consider three-qubit (d = 2) and three-qutrit (d = 3) systems and depict numerical values of the upper bounds on the value of CN that a separable state, ρsep, or a biseparable state, ρ bisep , can attain, respectively. If a state yields a higher value, it is detected as entangled or genuinely multipartite entangled, respectively. Recall that the upper bound for CN is 1 for qubits and log(3) for qutrits. Note that C4 does not exist for three-qubits as there are at most three mutually unbiased bases on I C 2 . Note also that in [43] it has been found numerically that for d = 3 and N = 3 it holds that f (3, 3) = 3 (see Eq. (34)) is optimal, and hence the bounds C3(ρsep) ≤ 0.369 log(3) and C3(ρ bisep ) ≤ 0.790 log(3) hold.
systems.
Note that the thresholds in Eq. (39) decrease with increasing N . This, however, does not necessarily imply that C N detects more multipartite entangled states than
There are, e.g., three-qutrit states that are detected by C 3 , but not by C 2 . However, we show below that there are also three-qubit states that are detected by C 2 , but not by C 3 .
A. Examples of detection of low-dimensional tripartite entanglement
In this subsection we give examples of how the functions {C N } can be used to detect tripartite entanglement in low-dimensional systems.
Detection of genuine three-qubit entanglement
Let us use {C N } to detect genuine three-qubit entanglement. We have shown in Sec. V A that the three-qubit GHZ state is the only pure state that yields the maximal value of C 2 (GHZ 2,3 ) = 1 while we have numerical evidence that there is no three-qubit pure state that exceeds C 3 (GHZ 2,3 ) = 2/3, which is below the detection threshold (see Table I ). This suggests that C 2 is better suited to detect three-qubit entanglement than C 3 , as C 2 detects all states with C 2 > 5/6 as genuinely multipartite entangled. Although this does not allow to detect the W state, |W ∝ |100 + |010 + |001 (C 2 (W ) = 0.685) it can be used to detect mixtures of GHZ-type states. The advantage here, as compared to many other detection methods, is that only two local measurement settings are required.
In the following we use C 2 to detect genuine tripartite entanglement in mixtures of the GHZ state with white noise, i.e.
Note that ρ GHZ2,3 (p) can be detected as tripartite entangled for p < 4/7 using at least four local measurement settings [42] . As the maximal value of C 2 (GHZ 2,3 ) = 1 is reached if each of the subsystems is measured in the x-or the z-basis we can expect that this measurement setting also gives a good lower bound on C 2 (ρ GHZ2,3 (p)).
In fact we see numerically that it is optimal. Using this measurement setting, it is then easy to obtain an analytical formula for C 2 (GHZ 2,3 ) and show that C 2 can detect entanglement up to 5.94% (p = 0.0594) of white noise.
Detection of genuine three-qutrit entanglement
In Section V B we have seen that there is a continuous set of pure three-qutrit states maximizing each of the correlation functions in
Hence, each of these functions can be used to detect genuine tripartite entanglement in the vicinity of these three-qutrit states. Here, we discuss how {C N } can be used to detect tripartite entanglement in two special three-qutrit states in the presence of white noise. These states are the generalized GHZ state, |GHZ 3,3 = Ψ 3,3 (1/ √ 3, 0, 0) , and the Aharonov state, |S 3 = Ψ 3,3 (0, 1/ √ 6, −1/ √ 6) . Before we do so, we review another method to detect multipartite entanglement via measurements in mutually unbiased bases proposed in [40] , with which we compare our detection method.
In [40] a set of correlation functions for states ρ ∈ D((I C d ) ⊗d ) has been introduced that can be used to detect genuine multipartite entanglement. The authors first defined another correlation function which we express in our notation as
where B is a basis and ǫ i1,...,i d is the generalized LeviCivita symbol [48] . Using this function, they then defined the correlation function
is a set of MUBs, and showed that
Moreover, they showed that |S 3 reaches the maximum of J N (S 3 ) = N for N ∈ {2, 3, 4}.
Let us now compare the two methods for the GHZ and the Aharanov state mixed with white noise, i.e. for
For both sets of correlation functions we measure both states in the Pauli setting. As expected, C 4 and J 4 detect the most states. We see that ρ S3 (p) can be detected by C 4 to be genuinely tripartite entangled up to a value of at least 9.18% [49] . Not suprisingly, {J N } surpasses this value considerably with a detection threshold of 64.29%. However, the set {C N } is better in detecting the states ρ GHZ3,3 (p). Using the Pauli measurement setting we obtain a lower bound on C N (ρ GHZ3,3 (p)) for which numerical investigations reveal that it is in fact tight, i.e. that the optimal MUBs are the eigenbases of the generalized Pauli operators, {Z 3 , X 3 , X 3 Z 3 , X 3 Z 2 3 }. The corresponding analytical expression reads
Comparing this with the detection thresholds in Table  I we see that C 4 detects more states than C 2 and C 3 and yields a lower bound of 8.33% up to which the state ρ GHZ3,3 (p) is detected to be genuinely multipartite entangled. In order to find {J N (ρ GHZ3,3 (p))} 4 N =1 , we perform a numerical optimization over mutually unbiased bases of three-qutrits. Note that we optimize here only over unitary rotations of the generalized Paulis such that the obtained threshold is just a lower bound. We find that ρ GHZ3,3 (p) is not even detected for p = 0 by any of the lower bounds on {J N } obtained in this way.
We have shown above that {C N } can be used to detect genuine tripartite entanglement in states of small local dimensions. Here, we show that Lemma 7 also yields nontrivial detection thresholds for states of higher local dimension d. Note that
and hence Theorem 5 implies that C 2 (GHZ d,3 ) = log(d) is maximal. The corresponding measurements are performed in the eigenbases of X d and Z d . Hence, C 2 can always be used to detect genuine tripartite entanglement in the vicinity of |GHZ d, 3 . As an example we show here how tripartite entanglement can be detected
3 1l for nontrivial values of p > 0. Note that it is easy to derive an analytical formula for C 2 (ρ d,3 (p)) which is obtained by measuring in the eigenbases of X d and Z d and which is a lower bound on C 2 (ρ d,3 (p)). We can certify the presence of tripartite entanglement whenever C 2 (ρ d,3 (p)) is larger than the detection threshold of 5/6 log(d) in Eq. (38), i.e. whenever the quantity Fig. 5 clearly show that C 2 can be used to detect even high-dimensional multipartite entanglement to relatively high noise levels by using only two local measurements. Note again that it is not necessary to know the phase relations between the locally measured MUBs, which can be an advantage in experiment. These results are in contrast to the fact that the complexity associated to the detection of entanglement generally grows rapidly with the system size. Note moreover that, for some dimensions d (e.g. 
VII. GENERALIZATION TO MUTUALLY UNBIASED MEASUREMENTS
Recently, the authors of [17] generalized the concept of MUBs to mutually unbiased measurements (MUMs). These sets of generalized measurements coincide with MUBs iff their POVM elements are rank one projectors. It has been shown that the method of entanglement detection via MUBs proposed in [20] can be generalized for bipartite systems to MUMs and that this increases the detection strength if no complete set of MUBs is known [44] . As we show here, the results derived in the previous sections can be generalized to the case where MUMs are measured on the subsystems instead of MUBs. Two generalized measurements in
, are called mutually unbiased if [17] tr(P k (i)) = 1,
for all k ∈ {1, 2} and for all i, i ′ ∈ {0, . . . , d − 1}, where 1/d < κ ≤ 1 and κ = 1 holds iff all POVM elements are rank one projectors and the MUMs are therefore also MUBs. A set of d + 1 generalized measurements that are mutually unbiased with the same κ is called a complete set of MUMs. In [17] it has also been shown how a complete set of MUMs can be constructed for any d from any orthogonal basis of the space of hermitian, traceless operators that map I C d to itself. Due to the operational character of C N , its generalization to MUMs is obvious. Instead of measuring the classical correlations obtained by measuring in MUBs (see Eq. (11) (12) for the definition of C N ), we use the same entropic quantities to quantify the classical correlations obtained by measuring in MUMs. The thresholds for entanglement detection in Lemma 6 and Lemma 7 can also be easily generalized to MUMs. In order to see this, note first that a complete set of MUMs {P k } d+1 k=1 fulfills the uncertainty relation [17] 
The inequality in Eq. (44) appears to be stronger for smaller κ. However, the uncertainty of each measurement itself has to be included in any judgement about the mutual unbiasedness of the MUMs. This can be easily seen by looking at a measurement with the minimum value of κ = 1/d, whose measurement operators are completely mixed and therefore do not yield any information about the state of the system. In [17] it has been shown how one can account for this uncertainty inherent to non-projective measurements in order to get improved uncertainty relations. Using Eq. (44) one can, similar to Lemma 6 for MUBs, show that a state ρ that is measured in a set of MUMs with efficiency parameter κ that yields the correlations C d+1 (ρ) is entangled if
and genuinely tripartite entangled if
In future research it would be interesting to investigate whether MUMs can increase the detection efficiency of the presented method for some systems.
VIII. CONCLUSION
We have presented a set of new measures of multipartite quantum correlations, {C N }. C N measures multipartite quantum correlations in terms of classical correlations contained in the measurement results of local measurements in N mutually unbiased bases. This generalizes the approach presented in [12] to the multipartite realm. We have derived some necessary and some sufficient conditions for a multipartite state to maximize C N . These allowed us to show that many interesting multipartite quantum states maximize these measures. Examples are states that have been identified as being particularily important in the context of LOCC transformations in earlier works; other examples are certain graph states and generalized GHZ states. We have moreover shown that the set of correlations {C N } can be used to detect genuine tripartite entanglement using only a few local measurement settings in mutually unbiased bases. This allows to detect even high-dimensional tripartite entanglement using only two local measurement settings whose phase relation does not need to be known.
As C N is a correlation measure with a clear operational meaning, it would be interesting to see in future research if it can reveal new applications for states that maximize C N . Moreover, it would be interesting to study the generalization of C N to MUMs in more detail and investigate whether this leads to an increased efficiency in entanglement detection. Finally, it would be appealing to investigate how the correlation measures {C N } could be used to detect genuine multipartite entanglement of systems comprised of more than three subsystems.
Proof. In the main part we have already discussed the "if"-part. Here, we present a proof of the "only if"-part. As noted in the main text, it follows directly from Holevo's Theorem that I(X : Y X )+I(Z :
can only be achieved if
R (i) = 0, ∀i and for R ∈ {X, Z},
For the sake of readability we continue to use the variable R ∈ {X, Z} in all statements that hold for both X and Z. Eq. (A3) implies that ρ i=0 . In order to be able to perfectly discriminate the states {|R(i) } (and extract the maximal information) and to fulfill Eq. (14) it has to hold that Q Ry (i) = |R(i) R(i)|, ∀i, and that
i=0 is an orthonormal basis. Moreover, the bases {|X(i) } and {|Z(i) }, which we call the X-and Z-basis, respectively, have to be mutually unbiased.
Alice's measurements are composed of the POVM elements {P R (j)}. If these are more than d POVM elements, some outcomes have to yield the same state on Bob's system. We denote the set of all outcomes j that lead to the state |R(i) on Bob's system by I(i) and define the operatorP R (i) = j∈I(i) P R (j). Note that
i=0P R (i) = 1l A , where 1l A denotes the identity on the support of ρ (A) = tr B (ρ AB ). Eq. (A3) implies that
for all i ∈ {0, . . . , d − 1}. From Eq. (A2) it follows that tr A (ρ AB ) = 1/d1l and using iP R (i) = 1l we see that
which implies that p R (i) = 1/d, ∀i.
Let us now write
where {|φ k } are orthonormal, unnormalized pure states. It is easy to see that Eq. (A4) implies that
Here, |R(i) * denotes for all i ∈ {0, . . . , d−1} the complex conjugate of |R(i) in the computational basis. Summing Eq. (A8) over all i ∈ {0, . . . , d − 1} yields
As R ∈ {X, Z}, Eq. (A9) shows that B † k B k is diagonal in both orthonormal bases {|Z(i)
i=0 and we set, without loss of generality, q X,k (i) = q Z,k (i) = q k (i) by resorting the Z-basis.
Next, we show that these conditions imply that 
It is straightforward to show that this can only be satis- are orthonormal states of Alice's system. Eq. (A11) can only be fulfilled if α R,k (l)|P R (i)|α R,k (l ′ ) = δ l,l ′ δ l,i , ∀k. This implies that P R (i) |α R,k (j) = δ ij |α R,k (i) , ∀k. We can conclude that
where v R k,k ′ (i) ∈ I C. In the following we show that v That is, v Z k,k ′ (i) = δ k,k ′ holds and we obtain from Eq. (A12) that α Z,k (i)|α Z,k ′ (j) = δ k,k ′ δ i,j . This shows that the isometries V k and V k ′ have orthogonal images. We can thus conclude that ρ AB can be expressed as
where {q k = q k d} are probabilities and V k and V ′ k are isometries whose images are orthogonal for k = k ′ . This is the decomposition described in Eq. (A1). This completes the proof.
Appendix B: Proof of Lemma 7 In this Appendix we present the proof of Lemma 7, which we state here again.
Lemma 7.
A state ρ ∈ (I C d ) ⊗3 with
Proof. We prove the equivalent statement that any biseparable state ρ bisep has to fulfill
Note that a biseparable state can be expressed as
where ρ (l) j is a normalized state of subsystem l ∈ {1, 2, 3}, ρ k } m∈{2,3} ; ρ bisep ) is the probability that parties 2 and 3 obtain outcomes i 2 and i 3 in basis B (2) k and B (3) k , respectively, and ρ 
Adding up these inequalities for all k ∈ {1, . . . , N } and using the entropic uncertainty relation Eq. (34) yields
Here, we used the notation α 1 = j p
(1) j . We can get similar expressions for parties 2 and 3. Adding up all the corresponding inequalities and using that α 1 +α 2 +α 3 = 1 we can therefore conclude that 
Using this inequality in Eq. (B3) we obtain Eq. (B1), which completes the proof.
